We prove a simple and explicit formula, which expresses the 26th power of Dedekind's η-function as a double series. The proof relies on properties of Ramanujan's Eisenstein series P , Q and R, and parameters from the theory of elliptic functions.
Introduction
Dedekind's η-function is defined by where p(n) is the number of partitions of n. F.J. Dyson [5, p. 637 [8] and [9] , V.E. Leininger and S.C. Milne utilized [11] and multiple basic hypergeometric series techniques to derive new non-trivial explicit multiple series expansions for additional infinite families of values of d not in [10] , but not for d = 26. They also simplified Macdonald's results corresponding to affine root systems of type A .
The purpose of this article is to prove a formula for η 26 (z) in terms of a double series. A special case of our formula is as follows. Suppose 12n + 13 is prime. Let a + ib and c + id be the unique Gaussian integers which satisfy the conditions:
Then the coefficient of q n in (1025046359 + 1413128809)
Our proof is based on the observation that η 2 (z) may be expressed as a product of two theta functions in two different ways:
Atkin's proof [1] uses properties of η 10 (z)E 2 4 (z) and η 14 (z)E 6 (z), where E 4 and E 6 are Eisenstein series of weights 4 and 6, respectively. Atkin's notes [1] indicate that he discovered his formula for η 26 (z) in 1965, and in 1966 he found another formula, different from the one quoted by Dyson [5, p. 651] . For a published proof of a formula for η 26 (z), see the paper by J.-P. Serre [16] .
Statement of results
Let m and n be real numbers and define
We will prove the following identities:
If we add these results and use the fact that ( [13] , [15, pp. 140-144] )
we obtain our main result:
By comparing coefficients on both sides we readily obtain:
where the coefficients p r (n) are defined by
Proof of Lemma 1
Let
.
Using the relation
and the Ramanujan differential equations for P , Q and R, Ramanujan [14, p. 369] showed that
Observe that
If we multiply this by η 2 (z)/64 we complete the proof of Lemma 1. 2
Proof of Lemma 2
The key to proving Lemma 2 is to write
and define
We will express V 2 and W 2 in terms of P , z and x. From [3, pp. 126-127] we have
Using these in (1) we obtain:
Now we will express W 2 in terms of P , z and x. First, observe that W 0 = 1. Next, from [3, pp. 120-129] we have:
Using these we obtain
If we apply q d dq to the equation defining W 2 and simplify, we obtain the differential recurrence relation
Additional values of W 2 can be computed using the differential recurrence relation together with Ramanujan's differential equations for P , Q and R [13, Eq. (30), p. 142]. We obtain:
If we multiply this by η 2 (z) and use (2) we complete the proof of Lemma 2.
Consequences

Lacunarity
A series q ν ∞ n=0 a n q n is called lacunary if almost all of the coefficients a n are zero, i.e., lim N →∞ {M(N)/N} = 0, where M(N) is the number of n N with a n = 0. Serre [16] Elementary proofs for the cases r = 2, 4, 6, 8, 10 and 14 of Newman's theorem were given in [4] .
Values of n for which
The explicit formula in Corollary 4 may be used to prove two conditions given by Serre [16, p. 213 ] which imply p 26 (n) = 0.
Proposition 6.
Suppose that the factorization of 12n + 13 into distinct primes contains at least one prime congruent to −1 modulo 4 raised to an odd power, and also at least one prime congruent to −1 modulo 3 raised to an odd power. Then p 26 (n) = 0.
Proof. Let 12n + 13 = p p λ p be the factorization of 12n + 13 into primes. Let r 2 (m) and s(m) denote the number of solutions in integers of x 2 + y 2 = m and x 2 + 3y 2 = m, respectively. Two classical results [6] 
s(36n + 39) = 2 p≡1 (mod 3)
(λ p + 1)
p≡−1 (mod 3)
Consequently, r 2 (24n + 26) = s(36n + 39) = 0. Therefore the sums in Corollary 4 are empty and it follows that p 26 (n) = 0. 2
